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In the study of SylvesterClallai designs, the following problem was posed by 
E. Boros, 2. Fiiredi, and L. M. Kelly in Discrete Compur. Geom. 4, 1989, 345-348: 
Does there exist a finite set L of pairwise skew, atlinely spanning lines in R“ such 
that the 3-space spanned by any two of them contains two additional lines from t? 
We provide an aftirmative answer to this question thus disproving the conjecture. 
0 1992 Academic Press, Inc. 
1. INTI~~DUCTI~N 
Boros, Ftiredi, and Kelly in [3] formulated a conjecture concerning the 
possible representation in R4 of Sylvester-Gallai designs (defined below). 
In this paper we use some of the techniques of computational synthetic 
geometry (see [l]) to construct an example countering this conjecture. 
A Syluester-Gallai (SG) design consists of two finite sets P (points) and 
L (lines) and an incidence relation such that each two points are incident 
with exactly one line, and each line is incident with at least three points. A 
Sylvester-Gallai (SG) configuration in a projective or afline space is a finite 
set of points such that the line joining any pair of points of the set contains 
at least one more point. 
Finite projective planes provide examples of SG designs. Given such a 
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combinatorial solution and finding a corresponding SG configuration in a 
projective or afline space remains a difficult problem in the spirit of com- 
putational synthetic geometry [2]. As a matter of fact, this problem was 
mentioned as a typical example in [2, Problem 1.21. 
Boros, Fiiredi, and Kelly have considered the more general representa- 
tion of GS designs with points represented by subspaces of dimension m 
and lines of the design represented by subspaces of dimension n, and they 
use the short notation (m, n) representation in this case. When considering 
points and lines in the complex plane, their investigations in connection 
with an inequality of Hirzebruch [4] lead to the following real problem in 
4-space. 
PROBLEM. Does there exist a finite set L of pairwise skew, affiely 
spanning lines in R4 such that the 3-space spanned by any two of them 
contains two additional lines from E? 
Remark. As observed in [4], it is easy to construct nonlinear SG con- 
figurations of cardinality 3k in the complex plane. From this it follows that 
there is a set of 3k pairwise skew lines spanning R4 such that the 3-space 
spanned by any two of them contains one additional line. In [6] Sturmfels 
produced an example for k = 3 and in [2] it is shown that there is a 7 line 
example not derivable from the complex plane. 
2. A (1,3) REPRESENTATION OF THE 1 ~-POINT PROJECTIVE PLANE 
The above problem can be answered in the affirmative thus disproving 
the conjecture of Boros, Fiiredi, and Kelly by establishing the following 
theorem. 
THEOREM. There exists a (1, 3) representation of the 13-point projective 
plane in R4. 
A numerical solution would be sufficient to prove our theorem. But with 
regard to similar problems, it is of interest to sketch the method for finding 
this solution. 
We assume there exists a (1, 3) representation of the 13-point projective 
plane in R4. Denoting the 13 lines as g,, . . . . g,, and the 3-spaces with 
T , , . . . . T13, we have to regard the incidences as 
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T,: g,, g,, g,, g, 
T,: g,, gs> g6> g7 
T3: g,, g8, g,, g,o 
7’4: g,> g,,, g,,, g,, 
T , :  g2, g,, g8, g,, 
T6: g2, g6, g9, gl2 
T7: ET29 g7, ET107 g13 
Ts: g3, g57 g10, g12 
T9: g3, g6> g8, g,, 
T . 10. g3, g7, g9, g11 
7’1,: g,, gs, g,, g,, 
Tl2: g4, g6, tTlO> g11 
Tl3: g4, g7, g8, g12. 
The embedding in R4 leads to an embedding in projective 4-space and in 
principle vice versa. We consider 13 normal vectors t,, . . . . ti3 in & written 
as a 13 x 5 matrix which define T,, . . . . T13. There must be linear depen- 
dencies for each set of 4 vectors out of t,, . . . . t,, when the corresponding 
subspaces contain the same line. These dependencies can be written in form 
of a 13 x 13 matrix D, and this leads to the algebraic requirement D . T= 0. 
A suitable reduction for the number of variables in T leads w.1.o.g. to the 
form 
i 
-1-l -1-l 0 0 0 0 0 0 0 0 0 
a00011~000000 10000 
A000000-lHJ000 adbce 
BOOOOOOOOOL-1N 
0y00100600&00 0 1 0 0 0 
0~000100~0080 00010 
0 1 0 0 0 0 -10 0 -1 0 0 -1 klmno =o. 
001010000r0l0 00100 
00p0010v0000~ 00001 
0 0 1 0 0 0 F 0 -1 0 -1 0 0 
oooc-100010000 11100 
OOODO-1000KM00 10011 
OOOEOOGlOOOlO 
The crucial step is now to solve this nonlinear algebraic system of equa- 
tions. Moreover, the solution has to reflect the condition that any two lines 
i and j must affinely span a 3-space. This leads to a rank condition for the 
7 x 5-submatrix T,,, of T with rowvectors representing those spaces con- 
taining either the line i or the linej. 
In a straightforward calculation for solving this system of equations one 
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is led to a symmetry of order 4 within this system. By the natural assump- 
tion to look for a symmetrical solution, one is led to an additional 
reduction which can be simplified to a single equation. We provide such a 
solution although it does not fulfill the additional condition since it was 
essential for studying the full solution space and thus for finding the actual 
solution. 
: -1 000011-1000000 1 00100200 0 02 01 1 2 24 56 ,1 -111  1-11-1   -   o- -   1  0 O-l O-l 0 o-1 0 0 O-1 0 o-1 10 0 o-1 1 0 1 0 O-l 0 1 ’ 2 3 3 3 3 
10000 
1 2 1 1 2 
1 1 2 2 1 
01000 
0 0 0 1 0 
2 2 3 2 3 
0 0 1 0 0 
00001 
2 3 2 3 2 
11100 
10011 
1 1 1 1 1 
I 
=o. 
It turns out that any symmetric solution violates the genericity condi- 
tion. An additional careful analysis of the solution space led finally to the 
given matrix M. We omit the details, a computer algebra system can easily 
check the result. 
M= 
with 
2 4 4 2 4. 
10 000 
1 d -1 c 2 
1 g -1 i j 
0 1 0 0 0 
00 010 
2 I 4 n 4 
0 0 1 0 0 
00 001 
2 4 0 2 2 
1 1 100 
10 011 
-1 g -1 c i. 
C= 
-9+@ 
4 ’ 
j= 1.5c- 1, &5-j 
4+j' 
q=d+l, l=2d, g=3-1, n = 2c, i= -n. 
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Remark. When looking for a combinatorial solution for the embedding 
problem, one is led in a straightforward way to the projective plane of 13 
points. But there are other (non-symmetrical) choices for the number of 
lines and subspaces as well. 
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